Abstract. We investigate the dynamic consumption and portfolio choice of an investor with habit formation in preferences and access to a complete financial market. We provide an exact characterization of the optimal behavior under general, possibly non-Markov, dynamics of market prices. We study the effects of habit formation in two important settings with time-varying investment opportunities. Firstly, we derive a closed-form solution of the optimal consumption and portfolio choice with mean-reverting stock returns. Secondly, with Cox-Ingersoll-Ross interest rate dynamics we can express the optimal strategies in terms of the solution to a partial differential equation, which has an explicit solution for time-additive preferences, but not with habit formation. Our numerical examples show that, while hedging demands for various assets are affected differently by habit persistence, the main effect on relative asset allocations stems from the fact that some assets (bonds and cash) are better investment objects than others (stocks) when it comes to ensuring that future consumption will not fall below the habit level.
Introduction
In recent years there has been an increased interest among both academics and practitioners in finding optimal portfolio strategies when investment opportunities are time-varying. While many studies have carefully modeled the dynamics of market prices, almost all presume highly unrealistic preferences of the investor, namely either a power utility of terminal wealth or an additively timeseparable power utility of consumption. A more plausible representation of preferences is to allow for habit formation in the sense that the utility of a given current consumption level is a decreasing function of the past consumption level. What are then the optimal portfolio and consumption strategies for investors with habits for consumption? Do the main qualitative properties of optimal portfolio strategies for investors with standard time-separable preferences carry over to investors with habit formation? This paper addresses these questions. First, an exact characterization of the optimal strategies under very general, not necessarily Markov, asset price dynamics is derived.
Second, the optimal behavior is studied in detail in two important special cases of time-varying investment opportunities, namely (1) mean-reverting stock returns and (2) stochastic interest rates.
The differences between the optimal strategies with and without habit formation are illustrated in numerical examples. Among other things we show that habit formation have different effects on the speculative and the hedging demand for assets, but in our examples the differences are small. Therefore habit formation changes the relative allocations to different assets mainly due to the fact that some assets (bonds and cash) are better investment objects than others (stocks) for the purpose of ensuring that future consumption will not fall below the habit level.
The academic literature on dynamic consumption and investment decisions dates back to Samuelson (1969) and Merton (1969) , who derive the optimal strategies for an investor with an additively time-separable power utility function in a market with constant investment opportunities. After some preliminary studies of Merton (1971) , there has recently been a series of papers on consumption and portfolio choice under the more realistic assumption of time-varying investment opportunities. Liu (1999) analyzes the choice with general affine or quadratic market structures, while other papers have independently studied special cases. For example, Sørensen (1999) and Brennan and Xia (2000) focus on Vasicek interest rate dynamics with constant market prices of risk. Kim and Omberg (1996) and Wachter (2002b) assume constant interest rates, but a meanreverting market price of stock market risk.
All these papers assume either an additively time-separable utility function, E[
or utility of terminal wealth only, E[u(W T )], with u given by a power function. On the other hand, it has long been recognized by economists that preferences may not be intertemporally separable. 1 In particular, the utility associated with the choice of consumption at a given date is likely to depend on past choices of consumption. This is modeled by replacing u(c t ) by u(c t , h t ),
where u is decreasing in h t , which is a measure of the standard of living or the habit level of consumption, e.g. a weighted average of past consumption rates. High past consumption generates a desire for high current consumption, so that preferences display intertemporal complementarity.
2
As additional motivation for such preferences, note that several papers have documented that the introduction of habit formation can resolve empirical facts that seem puzzling relative to models with a representative agent having time-separable utility.
3
In this paper we study optimal portfolio and consumption strategies for investors with habit formation in preferences when investment opportunities vary stochastically over time. In order to obtain explicit results on the optimal portfolio, we assume complete markets throughout the analysis. With general, possibly non-Markov, dynamics in investment opportunities we give an exact characterization of the optimal consumption and portfolio policies in terms of wealth and habit level and two relatively simple stochastic processes. The optimal portfolio in risky assets is a combination of three portfolios: (1) the standard myopic mean-variance portfolio, (2) a hedge portfolio providing insurance against adverse movements in investment opportunities as well as variations in future costs of ensuring consumption at the habit level, and (3) a portfolio ensuring that the agent can consume at least at the habit level in the future.
For the case where stock returns are predictable in the sense that the market price of risk follows a mean-reverting process we generalize the closed-form solution that Wachter (2002b) derived for time-separable utility. We derive several important qualitative properties of the optimal strategies. The optimal fraction of wealth invested in stocks is the sum of a myopic demand and a (positive) hedge demand. Habit persistence has different effects on these two components, but in our numerical examples the differences are very small. We argue that, contrary to the 1 According to Browning (1991) , this idea dates back to the 1890 book "Principles of Economics" by Alfred
Marshall. See Browning's paper for further references to the critique on intertemporally separable preferences.
2 Other generalizations of standard time-separable preferences have been suggested. For example, Schroder and Skiadas (1999) and Campbell and Viceira (1999, 2001 ) study consumption and portfolio decisions with so-called recursive utility or stochastic differential utility.
3 For example, Constantinides (1990) and Sundaresan (1989) demonstrate that models with habit formation can obtain a high equity premium with low risk aversion. Campbell and Cochrane (1999) and Wachter (2002a) construct representative agent models with habit formation that are consistent with observed variations in expected returns on stocks and bonds over time. Detemple and Zapatero (1991) also study asset pricing implications of habit formation preferences. Both Campbell and Cochrane (1999) and Wachter (2002a) consider utility with external habit formation in the sense that the agent does not take into account the effect that the choice of current consumption has on future habit levels. In our paper and the other papers referred to, these effects are considered.
case of time-additive utility, the optimal fraction of wealth invested in stocks is not necessarily monotonically decreasing over the life of an investor with habit persistence in preferences for consumption. Finally, relative to the case of constant expected returns, mean reverting returns support a higher consumption rate, but in our examples the increase is considerably smaller for investors with habit persistence than investors without.
We also consider the special case where the short-term interest rate is assumed to follow a square-root process as suggested by Cox, Ingersoll, and Ross (1985) with the market prices of risk being fully determined by the interest rate level. The assets available for investment are a stock (index), cash (i.e. the bank account), and a single bond (without loss of generality). While the optimal stock portfolio weight can be found in closed form, the optimal allocation to the bond and cash as well as the optimal consumption rate involve a time and interest rate dependent function which is the solution to a relatively simple partial differential equation (PDE). With timeadditive preferences the PDE has an explicit solution, but with habit preferences we solve the PDE numerically. The bond portfolio weight has all three components identified in the general model: a myopic term, a hedge term, and a term ensuring that the future consumption at least reaches the habit level. The stock portfolio weight, on the other hand, has only the myopic component. Our numerical experiments verify that habit formation have very different effects on stock and bond investments and show that the effects on consumption are ambiguous.
Finally, we discuss the implications of habit persistence in models where the agent receives a continuous stream of labor income. The income stream has two effects. Firstly, the initial wealth is to be increased by the present value of the future income stream, which implies that a larger fraction of financial wealth is to be invested in the risky assets. Habit persistence in preferences dampens this effect. Secondly, a labor income stream is implicitly equivalent to a stream of returns on a financial portfolio, so the explicit investment strategy must be adjusted accordingly. This adjustment is independent of the preference parameters and, hence, unaffected by habit persistence. Except for extreme habit persistence and very low present value of income (relative to financial wealth), the effects of labor income seem to dominate the effects of habit persistence.
The literature already contains a few papers that have studied the optimal consumption and portfolio decisions for an investor with habit formation utility. Sundaresan (1989 ), Constantinides (1990 ), and Ingersoll (1992 all derive the optimal strategies for an investor with an infinite time horizon under the assumption of a constant investment opportunity set. In addition, Ingersoll (1992) considers a finite-horizon investor with log utility. These results also follow from our more general analysis. Detemple and Zapatero (1992) derive conditions under which optimal policies exist for an investor with habit persistence in preferences. They are able to characterize the optimal consumption strategy in a general setting, but, except for the case of deterministic investment opportunities, they state the optimal portfolio in terms of an unknown stochastic process that comes out of the martingale representation theorem. Detemple and Karatzas (2001) provide a similar analysis for a preference structure that also involves habit formation but is more general in several respects.
We, on the other hand, give a precise characterization of the optimal portfolio in a general market setting and derive explicit results in concrete settings with stochastic investment opportunities. Schroder and Skiadas (2002) show that the general decision problem of an investor with habit persistence in preferences who can trade in a given financial market is closely related to the decision problem of an investor without habit formation who can trade in a financial market with perturbed price dynamics. We apply this relation to derive our general characterization of optimal portfolio and consumption choice. In contrast to Schroder and Skiadas, we derive the optimal strategies in concrete settings and provide a quantitative analysis of the effects of habit formation.
The rest of the paper is structured in the following way. Section 2 sets up the general framework for preferences and market dynamics and provides the general characterization of the optimal consumption and investment strategies. Section 3 focuses on the special case of mean reversion in stock prices, while Section 4 discusses the case of stochastic interest rates. In Section 5 we discuss the effects of habit persistence when the investor receives a labor income stream. Section 6 concludes the paper. All proofs are in the appendices.
2 The general problem and the general solution
The model and the optimization problem
We consider a financial market with a locally riskfree asset, the "bank account", earning an instantaneous, continuously compounded rate of return of r t , and n non-redundant risky assets whose prices are gathered in the vector P t . We assume that
where diag(P t ) denotes the square matrix with P t along the diagonal and zeros elsewhere, σ t is an (n × n)-matrix valued stochastic process, λ t is an n-vector valued stochastic process, and z = (z t ) is an n-dimensional standard Brownian motion. The processes r, λ, and σ are assumed to be progressively measurable with respect to the information filtration, i.e. the augmentation of the natural filtration generated by z. We assume that σ t is non-singular. We refer to λ t = (λ 1t , . . . , λ nt ) as the market price of risk since λ it is the ratio of the expected excess rate of return to the volatility of an asset which is only sensitive to changes in z i and not to changes in the other Brownian motions. We assume that the market is complete with a unique state price deflator ξ t defined by
or, equivalently,
In later sections we will consider special cases where r and λ follow Markov processes, but in the current section we allow for non-Markov dynamics.
We consider a price-taking investor with a fixed horizon T and a utility of a given consumption stream c = (c t ) given by
where δ is a subjective rate of time preference, and h t is the "habit level" defined by
Here h 0 , α, and β are non-negative constants. Basically, the habit level is a multiple of a weighted average of past consumption rates with the weights being exponentially decreasing, so that the recent consumption rates receive higher weights. The investor maximizes U (c) by appropriately choosing a non-negative consumption process c = (c t ) and a portfolio process π = (π t ). Here π t is an n-vector representing the fractions of wealth invested in the n risky financial assets at time t.
The remaining fraction of wealth 1 − π t 1 is invested in the bank account. Given a consumption strategy c and a portfolio strategy π, the wealth W t of the investor evolves as
Note that we ignore income from non-financial sources in this description. We shall discuss the effects of introducing labor income in Section 5. Of course, c and π must be based on available information (i.e. they are adapted to the information filtration generated by market prices), and they must satisfy technical conditions ensuring that the wealth process above is well-defined. The consumption strategy must be financiable in the sense that its present value cannot exceed the wealth of the investor, i.e.
We define the indirect utility at time t, J t , as the highest level of utility that can be obtained in the remaining lifetime,
where A(t) denotes the set of feasible consumption and portfolio strategies over the period [t, T ].
We follow the literature and assume, both for tractability and for easy comparison with standard time-separable power utility, that the "instantaneous" utility function u(c, h) is power-linear, i.e.
where the constant γ > 0 is a risk aversion parameter. In this case the consumption rate is required to exceed the habit level, so that the habit level plays the role of a minimum or subsistence consumption rate determined by past consumption rates. Since the marginal utility of consumption is infinite at c = h, the constraint c t ≥ h t will not be binding whenever the investor has sufficient wealth to finance consumption at the habit level.
An exact characterization of the solution
In this subsection we provide the solution to the non-Markov utility maximization problem outlined above. The solution will be stated in terms of the processes F = (F t ) and G = (G t ) defined by
where B s t is the price at time t of a zero-coupon bond paying one unit of account at time s. We can interpret F t as the price of a bond paying a continuous coupon that is exponentially declining over time. Note that h t F t is the cost of ensuring that future consumption exactly equals the habit level since with c s = h s for all s ≥ t, we have h s = e −(β−α)(s−t) h t . If we write the dynamics of the zero-coupon bond prices as
then the dynamics of F t becomes
where
We write the dynamics of G t as
Theorem 1 Suppose that W 0 ≥ h 0 F 0 . Then the optimal consumption process c * = (c * t ) is given by
The indirect utility is
The optimal investment strategy is given by the vector
Here W * = (W * t ) is the wealth process induced by the optimal strategies, and h * = (h * t ) is the process of the habit level induced by the optimal consumption strategy.
The condition W 0 ≥ h 0 F 0 ensures that the investor has enough wealth to finance the minimum consumption level in the future. Appendix A provides a proof of this Theorem. The proof applies the results of Schroder and Skiadas (2002) to express the solution to the linear habit utility maximization problem in terms of the solution to a standard time-additive utility maximization problem in a perturbed, but still complete, market. The latter solution follows from the analysis of Munk and Sørensen (2001) .
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Theorem 1 generalizes various results in the literature. Detemple and Zapatero (1992) also derive the optimal consumption policy of a power-linear habit utility function, but they characterize the optimal portfolio only through an unknown process whose existence and uniqueness follow from the martingale representation theorem. Optimal consumption and portfolio strategies for time-additive utility have been found in general complete markets by Munk and Sørensen (2001) and in several concrete market settings by Liu (1999) among others. In Sections 3 and 4 we apply Theorem 1 in important specialized market settings in order to study the quantitative effects of habit formation on consumption and investment strategies.
The optimal consumption strategy in (12) is to consume the current minimum level plus a time-and state-dependent fraction of the "free wealth", i.e. the wealth in excess of the costs of financing the future minimum consumption stream. This fraction (1 + αF t ) −1/γ /G t , i.e. the marginal propensity to consume out of wealth (MPC), depends on expectations of both future investment opportunities and future costs of financing the minimum consumption stream. For γ > 1, both F t and G t increase with α and decrease with β, and consequently both the MPC and the consumption rate (for fixed wealth and habit level) will decrease with α and increase with β.
The optimal portfolio in (14) has three terms. The last term ensures that the agent can meet his future minimum consumption process which has a present value of h t F t . The first term is the investment in the standard myopic, mean-variance portfolio represented by (σ t ) −1 λ and the second term gives the investment in the portfolio represented by (σ t ) −1 σ Gt that hedges changes in the investment opportunity set. Both the speculative term and the hedge term are affected by habit formation through the multiplier (W − hF )/W . In addition the hedge demand is affected by habit formation due to the presence of the habit parameter α in G t . Intuitively the optimal hedge against changes in investment opportunities must take variations in the future costs of ensuring the minimum consumption level into account. We can therefore conclude that the presence of habit formation will affect the speculative demand and the hedging demand differently.
4 Theorem 1 can also be demonstrated directly by applying the martingale approach introduced by Karatzas, Lehoczky, and Shreve (1987) and Huang (1989, 1991) . This alternative proof is available from the author upon request.
Special values of the risk aversion parameter
Let us consider two polar cases of risk aversion. If we let γ → 1 in (12) and (14), we get the optimal strategies for an investor with the log-linear utility ln(c − h). The process G t becomes deterministic and equal to
Therefore, the optimal investment strategy simplifies to
An investor with a log-linear habit utility function will put aside funds to cover the future minimum consumption level, but will not hedge neither changes in investment opportunities nor changes in the costs of ensuring minimum consumption in the future.
The other case is that of infinite risk aversion, which is the limit as γ → ∞. Then the process
The optimal investment strategy is
so that an infinitely risk-averse investor does not invest anything in the mean-variance portfolio.
The optimal consumption strategy is
With no habit formation, but a constant minimum consumption level h t = h 0 , it can be shown that G t = F t = kW * t for some constant k so that the optimal consumption rate is constant, and it is optimal only to invest in the coupon bond represented by F t . With habit formation the optimal consumption rate is no longer constant, and the infinitely risk-averse investor will hedge changes in the stochastic future minimum consumption rate.
Solution with constant investment opportunities
Let us briefly look at the benchmark case where the investment opportunities, represented by r and λ, are constant over time. Then we have the following result:
Corollary 1 If both r and λ are constant, the indirect utility is
and
and the optimal portfolio strategy is
Detemple and Zapatero (1992) derive the same expression for the optimal portfolio. Both Sundaresan (1989) , Constantinides (1990), and Ingersoll (1992) provide similar expressions for consumption and portfolio for an investor with an infinite time-horizon. We can obtain their results by letting T → ∞ in (18) and (19). Ingersoll (1992) also considers the case with finite horizon, but only for a log utility investor. This result follows by letting γ → 1 in (18) and (19).
It is clear that, with habit formation, the optimal fractions of the free wealth W − hF invested in risky assets are identical to the optimal fractions of total wealth for an investor with standard time-separable power utility. The habit formation individual invests in a more risk-averse manner, since she has to make sure that she can consume at the habit level in the future. As wealth increases to infinity, the fractions π * it increase (in absolute terms) to the level optimal for a timeseparable power utility investor. Straightforward calculations show that, for γ ≥ 1, the marginal consumption/wealth ratio (1 + αF (t)) −1/γ /G(t) increases over time and decreases with the habit parameter α.
Let us look at an example with a riskless return of 4% and a single risky asset with a volatility of 20% and an expected excess return of 6%. In Table 1 we compare the optimal choice of an investor with time-additive utility to the optimal choices of investors with varying degrees of habit formation. All the investors have an initial wealth of 100, a 30-year horizon, a risk aversion parameter of 2, and a subjective time preference rate of 2%. The habit investors have an initial habit level of 4. The table shows that habit formation has a substantial dampening effect on the demand for the risky asset and the marginal propensity to consume out of wealth. For some habit investors, however, the actual consumption rate is greater than that of the time-additive investor.
[ Table 1 the MPC for the habit investors is lower for all levels of γ, they have a higher consumption rate for very low and very high γ-values. Graph (c) illustrates that the optimal stock weight of the habit investors decreases with the length of the investment horizon since the longer the horizon, the more money has to be put aside to ensure that future consumption can meet the habit level.
This property conflicts with the popular advice that investors with long horizons should hold more stocks than investors with short horizons. However, the stock weight of a habit investor is also dependent on the wealth and habit level, and since wealth eventually starts to decrease faster over time than the costs h t F (t) of ensuring that future consumption exceeds the habit level, the habit investors will start lowering the fraction of wealth invested in stocks at some stage in life. We will return to this discussion in later sections. Finally, (d) shows that whether the habit investor consumes at a lower or higher rate than the time-additive investor depends on the length of their time horizon.
[ Figure 1 about here.]
Because the MPC is much lower for habit investors than for time-additive investors, the consumption rate of habit investors is less sensitive to exogenous shocks and, hence, less variable over time. There will also be less variability in the wealth of the habit investor over time, but the stabilizing effect is less pronounced for wealth than for consumption, as already recognized by Sundaresan (1989) . This is exactly the reason why asset pricing models based on habit formation preferences are more in line with data than traditional models with time-additive preferences.
Mean reversion in stock prices
Several empirical studies provide evidence of mean reversion in stock returns so that expected stock returns are high after a period of low realized returns and vice versa. Some recent papers have studied the implications for portfolio decisions of this deviation from the traditional setting with constant investment opportunities. Both Kim and Omberg (1996) and Wachter (2002b) obtain closed-form expressions for the optimal investment strategy in a set-up with a constant riskfree interest rate r and a single risky asset (representing the stock market) with price P t evolving as
where the volatility σ is assumed to be a positive constant, but the market price of risk λ t follows a mean-reverting process. Kim and Omberg (1996) consider an investor with a power utility of terminal wealth only, which allows them to let λ t have an undiversifiable risk component. On the other hand, Wachter (2002b) considers a time-separable power utility function of consumption, so to obtain explicit solutions she assumes that the market price of risk is perfectly (negatively) correlated with the price level, i.e.
Here κ, λ, and σ λ are positive constants. As argued by Wachter, the assumption of a correlation of -1 is empirically not unreasonable. The following result generalizes Wachter's solution to the more general power-linear habit formation preferences. A proof of the theorem can be found in Appendix B.
Theorem 2 Suppose that the short-term interest rate r is constant, that there is a single risky asset with price dynamics (20), and that the market price of risk evolves as described by (21).
Furthermore, suppose that
Then the indirect utility is
The optimal consumption process is given by
The optimal portfolio strategy is π *
With α = h = 0, the result reduces to Wachter's. The functions g i are not affected by habit formation in preferences. The hedge term in (31) differs from the time-separable case due to the presence of αF (s) in G(λ, t) and, hence, in
The next theorem states some key properties of the optimal strategies.
Theorem 3 Suppose that γ > 1 and the current value of the market price of risk λ is positive.
Then the optimal consumption and investment strategies with power-linear habit utility have the following properties:
(i) the hedge demand for the stock is positive, (ii) both the average and the marginal consumption/wealth ratio increase with λ, (iii) the optimal fraction of free wealth invested in the stock,π ≡ πW W −hF , increases with the horizon T .
Appendix C contains a proof of this result. Wachter demonstrates the first two properties for an investor with time-separable power utility.
6 Since with time-separable power utility there is no difference between free wealth and total wealth, she can conclude that the optimal fraction of total wealth increases with the horizon, as typically recommended by professional advisors. This is an intuitive consequence of the mean reversion property of the stock price. With habit formation the horizon dependence of the portfolio weight is more delicate. The function F (t) is increasing in T , since it is costlier to finance consumption at the habit level over a longer period. Therefore, for fixed h and W , the free wealth constitutes a smaller fraction of wealth for longer horizons, and, consequently, the fraction of total wealth invested in the stock, π =π(1 − hF/W ), may decrease with T . (Indeed, this is the case in the numerical example below.) The evolution of the optimal stock weight over the life of an agent is even more complex since h and W are not constant. Most agents tend to consume little and build up wealth in the beginning of their life and then gradually increase consumption (and the habit level) and reduce wealth towards the end of their life. It is therefore likely that the portfolio weight π increases early in life contrary to common advice. Later in life, π will tend to decrease over time both due to the effect of mean reversion onπ and due to the increase in the ratio hF/W . However, the precise behavior of π over time will depend on the evolution of stock prices.
To study the quantitative effects of habit formation on the optimal strategies in this setting, we turn to numerical examples. In the base case, we consider investors with risk aversion parameter γ = 2, a 30-year horizon, and a time preference rate of δ = 0.02. Initial wealth is set to W 0 = 100, and for investors with habit formation in preferences we set the initial habit level equal to h = 4.
The values of the parameters in the processes for the stock price and the market price of risk are 6 With time-separable power utility, the optimal consumption rate is proportional to the wealth level, so there is no difference between the average and the marginal consumption/wealth ratios.
empirically reasonable and close to those used by Wachter (2002b) . For example, the long-term expected excess stock return is 6%, the stock market volatility is 20%, deviations of λ from its long-term level are expected to be halved in (ln 2)/κ ≈ 2.3 years, and the standard deviation of the value of λ one year ahead is approximately 0.087. In our examples we assume, unless otherwise stated, that the market price of risk λ is currently at its long-run level ofλ. Table 2 shows the optimal investment and consumption strategies for an investor with timeadditive preferences and for investors with various combinations of the habit parameters α and β. In the table π myo and π hed refer to the two parts of the optimal portfolio in (31), i.e.
Both parts are dampened by the presence of the habit level h in these expressions, but the hedge term π hed is further affected since D(λ, t) depends on both α and β (through F (s)). As can be seen from Table 2 , the absolute value of D(λ, t) decreases with the habit level parameter α and increases with the persistence parameter β. In all cases, the magnitude of D(λ, t) is slightly smaller for habit formation investors than for time-additive investors so that the hedging demand is dampened slightly more by habit formation than is the myopic demand, as can also be seen from the column π hed /π myo . However, the differences are economically insignificant.
Next, consider the optimal consumption rate. The columns labeled MPC and C contain the marginal propensity to consume out of wealth, i.e. the ratio (1 + αF (t)) −1/γ /G(λ, t), and the optimal consumption rate with mean reversion in stock prices. The columns labeled MPC and C show the same variables computed under the assumption that λ is constant at its current level, cf. Corollary 1. The marginal propensity to consume out of wealth (MPC) is higher with mean reversion in stock prices than with a constant risk premium, both for investors with habit persistence and investors without. In fact, the relative increase in MPC due to mean reversion is almost identical in the case without habit persistence and all the four cases with habit formation, as can be seen when the numbers in the MPC-column are divided by those in the MPC-column.
Consequently, the relative increase in the actual consumption rate due to stock market mean reversion is smaller for investors with habit persistence than for investors without.
[ Table 2 about here.]
In Figure 2 we show how the optimal strategies depend on the current level of the market price of risk λ, the risk aversion parameter γ, and the time horizon T . The thick curves are for an investor with habit formation parameters α = 0.3, β = 0.4, while the thin curves are for an investor with time-additive preferences. First consider (a) and (b) in which the current market price of risk is varied. We see that both the myopic and the hedge demand for the stock increases with the current market price of risk, but that the hedge demand is relatively little sensitive. For the habit investor, for example, the hedge demand varies from -11% to 26% when λ varies from -1 to 1.5, i.e. the expected excess stock return goes from -20% to 30%. Consistent with Theorem 3, the hedge demand is positive and consumption is increasing for λ > 0. Since the investor can exploit highly negative values of the market price of risk by taking a short position in stocks, both the marginal propensity to consume (MPC) and the consumption rate itself increase as λ becomes more negative. For λ-values that are only slightly negative, hedging demand is positive and the MPC and the consumption rate are increasing in λ. As explained by Kim and Omberg (1996) and Wachter (2002b) this is due to the trend in λ towards a positive long-term level. Note that the portfolio and consumption choice of the habit investor is less sensitive to variations in the market price of risk.
Next consider (c) and (d) where the risk aversion parameter γ is varied. The myopic stock demand is hyperbolically decreasing in γ, whereas the hedge demand is increasing for γ less than approximately 2 and decreasing for higher levels at a lower rate than the myopic demand. However, even for extremely high risk aversion, the hedge demand is less than 1/3 of the total demand for stocks. The consumption rate and the MPC are also dramatically increasing for low risk aversion and then slowly decreasing for moderate and high γ-values. The numbers underlying these graphs reveal that the additional dampening effect that habit formation has on the hedge demand through the term D(λ, t) is increasing in γ, but it stays very small even for very high levels of risk aversion.
Finally, consider the dependence of optimal behavior on the investment horizon illustrated in (e) and (f). Since the costs of maintaining consumption at the habit level in all future increase with the length of the horizon, the myopic demand for stocks of the habit investor decreases with T .
Although the hedge demand increases with the horizon, the total demand decreases up to a horizon of approximately 35 years after which it is slightly increasing. As discussed in the paragraph just below Theorem 3, this property conflicts with common investment advice. The MPC and the consumption rate decrease rapidly for increasing horizons, especially for the investor with habit persistence in preferences.
[ Figure 2 about here.]
Stochastic interest rates
In this section we investigate how habit persistence in preferences affect the optimal allocation of funds between stocks and bonds. We assume that interest rates evolve according to the Cox, Ingersoll, and Ross (1985) model, i.e. that the dynamics of the short-term interest rate is
where κ,r, and σ r are positive constants, and z 1 is one-dimensional. Furthermore, the market price of interest rate risk is λ 1t = λ 1 √ r t /σ r , where λ 1 on the right-hand side is a constant. For any s ≥ t, the time t price of a zero-coupon bond maturing at s is then given by
where b(τ ) = 2(e ντ − 1) (ν +κ)(e ντ − 1) + 2ν , a(τ ) = − 2κr σ 2 r 1 2 (κ + ν)τ + ln 2ν (ν +κ)(e ντ − 1) + 2ν , whereκ = κ − λ 1 and ν = κ 2 + 2σ 2 r . The price evolves as
The investor can obtain any desired interest rate exposure by trading in the bank account and in an arbitrary single bond. We take this bond to be the zero-coupon bond maturing at the end of her investment horizon, T , and let π B denote the fraction of wealth invested in this bond.
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We assume that the investor can also trade in a single stock (the stock market index) with price S t evolving as
Here σ S is a positive constant, and z 2 is a one-dimensional standard Brownian motion independent of z 1 so that the constant ρ is the instantaneous correlation between stock returns and bond returns. We assume that the market price of risk associated with z 2 is a constant λ 2 so that ψ(r) = ρ λ1 σr √ r + 1 − ρ 2 λ 2 . We let π S denote the fraction of wealth invested in the stock.
In this setting, it seems impossible to derive an explicit solution to the consumption-investment problem of an investor with power-linear habit utility. However, the following theorem characterizes the optimal strategies in terms of the solution of a linear, second order partial differential equation Theorem 4 Under the assumptions of this section the indirect utility is J t = J(W * t , h * t , r t , t), where
and G(r, t) solves the PDE
7 If we take another zero-coupon bond maturing at, say, time s, the optimal investment in that bond is obtained by multiplying the π B from Theorem 4 by the ratio b(T − t)/b(s − t). If we take a coupon bond with payments x i at dates t i > t, i = 1, . . . , n, the optimal investment in that bond is obtained by multiplying π B by b(T − t)/b(t),
t . The optimal "cash" position changes accordingly.
with the terminal condition G(r, T ) = 0.
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The optimal consumption process is c * t = C(W * t , h * t , r t , t), where C(W, h, r, t) = h + (1 + αF (r, t))
The optimal investment strategy is (π * B t , π * S
, where
For γ > 1, both F and G are decreasing in r, and hence the marginal propensity to consume out of wealth, MPC = (1 + αF (r, t)) −1/γ /G(r, t), is increasing in r. For fixed wealth and habit levels the optimal consumption rate is therefore increasing in r. It is not possible to analytically determine whether the optimal consumption rate is higher or lower than it is under the assumption of constant interest rates. This will be discussed in the numerical examples below.
The optimal bond investment has all the three components identified in the general setting of sub that ensures that the future subsistence consumption level can be satisfied. To be precise these three terms are defined by
For γ > 1, G is decreasing in r so that the hedging demand is positive as expected. Both the myopic demand and the hedge demand are dampened by habit persistence through the term (W −hF )/W .
In addition to this wealth effect the hedging demand for the bond depends on the habit parameters also through the ratio − ∂ G ∂r /G, which has to evaluated numerically. The subsistence demand for the bond is positive since the future subsistence consumption level is ensured with a (dynamically 8 It can be shown that
where, for each s ≤ T , the function Γ s (r, t) solves the PDE
with terminal condition Γ s (r, s) = (1 + αF (r, s))
Since with this expression we have to numerically solve a PDE for each s, the formulation in the theorem is preferable.
rebalanced) combination of the bond and "cash" (i.e. the bank account). The total effect of habit persistence on the bond demand can only be assessed by numerical experiments, cf. the example below. The optimal stock investment only contains a myopic term since stocks are not appropriate, neither for interest rate hedging nor for ensuring the future minimum consumption stream. Since with habit formation less money can be invested freely, the fraction of total wealth optimally invested in stocks is lower than with time-additive preferences.
For the special case of an additively time-separable power utility the PDE (38) with the terminal condition G(r, T ) = 0 has the explicit solution
whereb
and we have introduced the additional auxiliary parameters
It follows that the optimal investment strategy for the time-separable power utility case
This can also be derived from the general results of Liu (1999) and generalizes the results of
Grasselli (2000) for power utility of terminal wealth only.
To gain further insights into the effects of interest rate uncertainty and habit persistence on the optimal consumption and investment strategies we look at a numerical example. The values of the interest rate parameters are taken to be κ = 0.3,r = 0.05, σ r = 0.1, and λ 1 = 0.05. These values are close to typical parameter estimates, see e.g. Chan, Karolyi, Longstaff, and Sanders (1992) , and imply among other things that the 10-year zero-coupon bond has an expected excess return of around 0.9% and a volatility of around 7.8% (computed at an interest rate equal tor), and that the asymptotic long-term zero-coupon yield is around 5.6%. Unless stated otherwise, we assume that the current short-term interest rate is equal to the long-term level of 5%, which implies a nearly flat term structure of interest rates. By assumption, the only bond that the agent invests in is the 30-year zero-coupon bond. For the stock price process we take σ = 0.2 and λ 2 = 0.3, so that the expected excess return is approximately 6.4% (again computed at an interest rate equal tor), which is also broadly consistent with empirical estimates. The correlation parameter ρ is set to 0.25, which is in line with standard estimates, see e.g. Campbell (1987) . We consider both investors with time-additive preferences and investors with habit formation in preferences. They all have a subjective time preference rate of 0.02 and, unless stated otherwise, a 30-year horizon, a risk aversion coefficient of 2, and an initial wealth of 100. For habit investors the initial habit level is set to 4. Results for investors with habit formation are obtained by solving the PDE (38) using a Crank-Nicholson finite difference scheme, see e.g. Duffie (2001, Ch. 12) , with 400 interest rate subintervals and 600 time steps. Table 3 shows the optimal strategies for an investor with time-additive preferences and for investors with various combinations of the habit parameters α and β. Let us first consider the optimal investment strategy. The column labeled π S contains the optimal fraction of total wealth invested in stocks, which is considerably lower with habit preferences consistent with earlier discussions. The total bond investment is listed in the column labeled π B with its three components in the preceding columns. Relative to the investor with time-additive preferences, the myopic bond demand of a habit investor is dampened exactly as the stock demand. In our numerical examples the ratio (− ∂ G ∂r )/G is higher with habit formation than without, so that the bond hedging demand is not dampened by as much as the myopic demand. Note that in all cases the hedge demand is much higher than the myopic bond demand so that it is extremely important to incorporate the interest rate hedging abilities of bonds when determining the optimal bond/stock allocation. The subsistence bond demand is highly dependent on the habit parameters (the difference β − α to be precise), but is significant for all combinations considered in the table. In all the cases the total bond demand is somewhat higher with habit formation than with additive preferences. Finally, the optimal investment strategy involves a negative "cash" position, i.e. short-term borrowing, since the sum of the stock and the bond weights exceeds 100%. In our examples, less borrowing is optimal for the habit utility investors than for the additive utility investor. In sum, the optimal allocation to stocks, bonds, and cash is affected considerably by habit persistence in preferences.
Next, consider the optimal consumption strategy. The column labeled MPC shows the marginal propensity to consume out of wealth under interest rate uncertainty, while the column labeled MPC contains the marginal propensity to consume out of wealth assuming that interest rates stay constant at the current level (taken from Corollary 1). The columns C andC give the optimal consumption rate under each of the assumptions on interest rates. We see from the table that in this setting the effects of habit persistence on consumption are ambiguous: MPC and C are higher than MPC andC, respectively, for some combinations of α and β and lower for other combinations.
[ demand of the time-additive investor is insensitive to the interest rate, the stock demand of the habit investor increases slightly with the interest rate level, since with higher interest rates less money needs to be reserved for future minimum consumption. The labels "hedge", "myopic", and "sub" refer to the different components of bond demand. The hedge demand of the habit investor increases with the interest rate in contrast to the hedge demand of the time-additive investor, but for both investors the variations are small. The myopic demand of both investors increases with the interest rate. In addition, the habit investor has a subsistence demand for bonds, which is decreasing in the interest rate, again since less money needs to be set aside when interest rates are higher. Summing up the components, the total bond demand is increasing in the interest rate for both. In our example the total bond demand of the habit investor is much larger than that of the time-additive investor for low interest rates, but as the interest rate increases, the difference shrinks, and for very high interest rates the relation is reversed. Graph (b) shows that both the marginal and the actual consumption rates increase with the interest rate for both types of investors.
Graph (c) shows that, consistent with intuition, the demand for stocks and the myopic demand for bonds decrease rapidly with the risk aversion parameter, while the hedge demand for bonds increases. With the assumed parameters the total bond demand of the habit investor is higher than that of the time-additive investor for all levels of risk aversion, but although the individual components differ significantly, the difference in total demand is very small for high γ-values. A detailed look at graph (d) and the underlying numbers reveals that while the MPC and the consumption rate of the time-additive investor starts to decrease with γ for values above approximately 5, the corresponding variables for the habit investor seem to keep increasing, although at a very slow rate. Again we see that the behavior of the habit investor is less sensitive to the risk aversion parameter.
Finally, graphs (e) and (f) illustrate the importance of the time horizon. For all horizons the bond demand depicted is for the 30-year zero-coupon bond. The dependence of the stock demand on the horizon is as for constant investment opportunities. The relation between the myopic bond demand and the horizon is similar. For short horizons the hedge demand for bonds is slightly larger for the habit investor because the ratio (− ∂ G ∂r )/G is so much larger for the habit investor than the time-additive investor that it more than compensates for the dampening effect of the term hF (r, t). However, for horizons longer than approximately 3 years the latter effect dominates so that the hedge demand of the time-additive investor is the largest. Similarly, the total bond demand is larger for the time-additive investor for short horizon and smaller for long horizons.
The differences are quite small though. Consumption behavior varies with the time horizon in the same way as in the setting with mean reversion in stock returns.
[ Figure 3 about here.]
Labor income
In the previous sections we have assumed that the agent finances consumption and investments with an initial wealth and the returns from the investments. In addition, most agents receive a flow of income from non-financial assets, which we call labor income although the income flow may also include gifts, transfer payments, etc. We model labor income as an exogenously given, continuous flow at a rate of y t and assume that the labor income dynamics is of the form
In particular, we have assumed that labor income is spanned by traded assets, although this is empirically questionable. We continue to assume that there are no constraints on portfolio weights, so that it is possible to borrow against future income, which is also questionable due to moral hazard and adverse selection problems. On the other hand, these assumptions simplify the analysis considerably.
9 The optimal consumption and investment strategies when either of these simplifying assumptions are relaxed can only be computed with intense numerical work, but the strategies are expected to be less affected by labor income than in our simplified setting.
In our complete market setting the presence of labor income changes the budget constraint (5)
where L t denotes the capitalized value of future labor income, which is given by
Let φ t denote the relative volatility vector so that dL t = . . . dt + L t φ t dz t for some unspecified drift rate. From a relatively straightforward generalization of Theorem 1 we can draw the following conclusions. The indirect utility function in the setting with labor income is
The assumption of an exogenous income process is made in most studies of consumption and portfolio choice with labor income. A prominent exception is Bodie, Merton, and Samuelson (1992) . The assumption of spanned income and no portfolio constraints is shared by, e.g., Bodie, Merton, and Samuelson (1992) and He and Pagès (1993) , while Cuoco (1997) , Munk (2000) , and Viceira (2001) among others allow for undiversifiable income risk and borrowing constraints. Under these more reasonable assumptions the effects of labor income on consumption and portfolio choice are similar to the complete markets case although of a smaller size. None of these papers allow for habit persistence in preferences.
where F = (F t ) and G = (G t ) are the same processes as for the problem without labor income.
The optimal consumption rate is
and the optimal investment strategy is given by the vector
of portfolio weights in the risky assets. Note that the amounts invested in the risky assets are
given by π * t W * t . Ignoring the last terms on the right-hand side for a moment, Eq. (49) says that with labor income it is optimal to allocate the same amounts to the different assets as in the case without labor income, but with an initial wealth raised by the capitalized value of labor income.
Since labor income is similar to the returns on an investment, the explicit investment strategy in the financial assets is adjusted through the last term in (49) to obtain the desired riskiness of the total wealth dynamics. The consumption rate is also affected by labor income through the replacement of financial wealth W * t with the sum of financial and human wealth W * t + L t . To give a concrete example, we consider for simplicity the setting with deterministic investment opportunities and assume that the labor income rate follows a Geometric Brownian Motion, i.e. that the drift m and the volatility vector v are constant. It can be shown that the capitalized value of labor income is then L t = y t K(t), where
The optimal consumption rate becomes
and the optimal investment strategy is given by the portfolio weight vector
Here the deterministic functions F and G are as in Corollary 1.
In Table 4 we look at a numerical example with an interest rate of 3% and a single risky asset (the stock market index) with a volatility of 20% and an expected excess return of 6%. We look at investors with different habit coefficients, but all with a 10-year horizon, a risk aversion coefficient of 2, an initial financial wealth of 100, and an initial habit level of 4. The initial income rate of 20 has a drift rate of 3% and a volatility of 5%, which gives a capitalized value of L t = yK(t) = 185.72 and, hence, a total initial wealth of 285.72. The column labeled π no shows the optimal fraction of wealth invested in the stock in the absence of labor income. The columns labeled π myo and π contain the optimal myopic and the optimal total stock investment as a fraction of financial wealth in the case with labor income. The difference between the two is given by the second component in (50), which gives (yK(t)/W )(v/σ) = 46.4% for all preferences.
Habit persistence decreases the optimal portfolio weight by the same absolute number whether the agent receives labor income or not, but with labor income the relative effect of habit persistence is smaller than without labor income. Regarding the optimal consumption policy, the marginal propensity to consume out of wealth (MPC) is not affected by labor income, but the consumption rate itself is increased considerably. With the assumed parameters, the effect of labor income on both consumption and investment clearly dominates the effect of habit persistence. This will be the case except for extreme habit persistence and very low present value of income (relative to financial wealth).
[ Table 4 about here.]
Concluding remarks
In this paper we have derived optimal consumption and investment policies for investors with habit persistence in preferences for consumption when the financial market provides time-varying investment opportunities, but is dynamically complete. First we obtained an exact and relatively simple characterization of the optimal policies with very general dynamics in investment opportunities. Then we considered important specialized settings in which we studied the effects of habit persistence both analytically and numerically. Finally, we discussed the implications of habit persistence in models with stochastic labor income. The effects of habit persistence may be summed up as follows. Habit persistence dampens the speculative investments of investors due to the fact that some funds must be reserved for the purpose of ensuring that consumption in the future will meet the habit level. The hedge demand for assets may be affected differently by habit persistence than the speculative demand, but in our examples the differences are small. The main effect on the relative allocations to different assets stems from the fact that some assets (bonds and cash) are better investment objects than others (stocks) when it comes to ensuring that future consumption will not fall below the habit level.
A Proof of Theorem 1
It follows from Schroder and Skiadas (2002) [hereafter referred to as S&S] that the solution to the linear-habit utility maximization problem can be derived from the solution to the dual problem sup c=(ĉt)
. The processξ t = ξ t (1 + αF t ) is the state-price density in a complete market with a market price of riskλ t = λ t − [αF t /(1 + αF t )]σ F t and shortterm interest rater t = α + (r t − αβF t )/(1 + αF t ). Ifĉ * is the optimal dual consumption process with associated wealth processŴ , the optimal primal consumption process c * and the associated wealth process W satisfy
cf. Equation (4a) in S&S. Ifπ * is the optimal dual portfolio, i.e. the portfolio financingĉ * in the dual market, the optimal primal portfolio is given by
cf. Equation (9) in S&S.
The dual problem is to maximize expected utility of a time-additive power utility investor in a complete market. Using the martingale approach introduced by Karatzas, Lehoczky, and Shreve (1987) and Huang (1989, 1991) , Munk and Sørensen (2001) have characterized the general solution to such a problem. Applying their solution to the dual problem, we see that the optimal dual consumption process isĉ
the indirect utility function isĴ
and the optimal portfolio process iŝ
Here σQ t is the percentage volatility vector of the processQ defined bŷ
Inserting the relation betweenξ and ξ, we find
The optimal consumption process c * now follows from (51), (53), and (54). From S&S we have thatŴ t = (W t − h t F t )/(1 + αF t ) so that the indirect utility function becomes
An application of Itô's Lemma shows that
Substituting this intoπ t and the resulting expression into (52) we obtain (14).
B Proof of Theorem 2
Under the assumptions of the theorem, the process G t defined in (8) can be written as
We can rewrite the expectation as
where Q γ denotes the equivalent probability measure under which the processz defined bỹ
is a standard Brownian motion. Under this measure the dynamics of λ t becomes
where a = κλ and b = κ − 1 − 1 γ σ λ . From the Feynman-Kac formula it follows that the function V defined by
solves the partial differential equation
with terminal condition V (λ, s) = 1. The solution is given by
whereĝ 0 , g 1 , and g 2 solves the system of ordinary differential equations
These equations have the solution given by (26), (27), and
Lengthy computations yield
With this solution for V (λ, t) we obtain the expression for G(λ, t) stated in the theorem.
The optimal investment strategy follows from the general expression (14) and the fact that σ F t = 0 and
which by computation of the derivative ∂G/∂λ gives −σ λ D(λ, t).
C Proof of Theorem 3
The first two properties follow from the fact that, when γ > 1, the functions g 1 and g 2 are negative. For a proof of this fact, see Wachter (2002b) . If, furthermore, λ > 0, we have that
is negative. To prove the third property, first note that
which only depends on T through the term D(λ, t). If we for notational simplicity let
= e −(r+β−α)(T −s) > 0, the last parenthesis is negative and its coefficient positive when γ > 1 and λ > 0. We will complete the proof by showing that the first parenthesis is also negative. This part of the proof is identical to Wachter's proof of her version of the third property in Theorem 3. For γ > 1, the functions g 1 and g 2 are decreasing in T . Therefore, for λ > 0,
from which the claim follows.
D Proof of Theorem 4
The expression for F t = F (r t , t) follows directly from (9) and (33). From (8) we have that
Applying the same change of measure as in the proof of Theorem 2 in Appendix B, we can rewrite this as
The dynamics of the short-term interest rate is
wherez 1 is a standard Brownian motion under the measure Q γ . It now follows from the FeynmanKac rule that the function G satisfies the PDE (38). The terminal condition is obvious.
The expressions (40) and (41) for the optimal investment strategy follow from the general expression (14) and the fact that We consider investors with a 30-year horizon, γ = 2, δ = 0.02, W = 100, and h = 4. MPC is the marginal propensity to consume out of wealth, i.e. the ratio (1 + αF (t)) −1/γ /G(t). MPC is the marginal propensity to consume out of wealth, i.e. the ratio (1 + αF (r, t)) −1/γ /G(r, t).
MPC andC are the marginal propensity to consume out of wealth and the consumption rate, respectively, assuming that the short-term interest rate remains constant at its current level, cf. (1 + αF (t)) −1/γ /G(t), which is the same with and without labor income. Finally, C no and C are the optimal consumption rate without and with labor income, respectively.
